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Abstract
It was recently found that the electric local-field effect (LFE) can lead to strong coupling of atomic Bose-Einstein condensates
(BECs) to off-resonant optical fields. We demonstrate that the magnetic LFE gives rise to a previously unexplored mechanism
for coupling a (pseudo)spinor BEC or fermion gas to microwaves (MWs). We present a theory for the magnetic LFE, and
find that it gives rise to a short-range attractive interaction between two components of the (pseudo) spinor, and a long-range
interaction between them. The latter interaction, resulting from deformation of the magnetic field, is locally repulsive but
globally attractive, in sharp contrast with its counterpart for the optical LFE, produced by phase modulation of the electric
field. Our analytical results, confirmed by the numerical computations, show that the long-range interaction gives rise to
modulational instability of the spatially uniform state, and creates stable ground states in the form of hybrid matter-wave-
microwave solitons (which seem like one-dimensional magnetic monopoles), with a size much smaller than the MW wavelength,
even in the presence of arbitrarily strong contact inter-component repulsion. The setting is somewhat similar to exciton-
polaritonic condensates in semiconductor microcavities. The release of matter waves from the soliton may be used for the
realization of an atom laser. The analysis also applies to molecular BECs with rotational states coupled by the electric MW
field.
PACS numbers: 03.75.Lm, 05.45.Yv, 42.65.Tg
Ultracold atomic gases are used in a various areas,
including quantum metrology and interferometry [3]-[5],
and the emulation of nonequilibrium quantum dynamics
[2] and condensed-matter physics [6]-[8]. They have also
drawn much interest as tunable media for quantum op-
tics. In this vein, co-manipulation of quantum light and
matter waves has been studied in cavities loaded with
atomic Bose-Einstein condensates (BECs) [9, 10]. Ra-
man superradiance in ultracold gases trapped in a cavity
was used to generate stationary lasing with a bandwidth
< 1 MHz, and with the average cavity photon number
< 1 [11]. A mirrorless parametric resonance has been
demonstrated for atomic BEC loaded into an optical lat-
tice (OL) [12]. Optomechanics-induced large-scale struc-
turing of ultracold atomic gases has been reported in Ref.
[13]. The resonant interaction of laser fields with BEC
was also proposed for generating “photonic bubbles” em-
ulating cosmology settings [14].
An important feature of the interaction of light with
ultracold gases is the local-field effect (LFE), i.e., a feed-
back of the BEC on the light propagation. Strong LFE
can be induced in cold-atom experiments, as recently
demonstrated with the help of OLs [15–17]. Usually, OLs
are sturdy structures, maintaining perfect interference
fringes. However, asymmetric matter-wave diffraction
on an OL formed by counterpropagating optical fields
with unequal intensities [15] could be explained only by
taking into regard deformation of the OL by the LFE
[16]. Conventional rigid OLs and their deformable coun-
terparts may be categorized as “stiff” and “soft” ones.
Polaritonic solitons, produced by hybridization of cou-
pled atomic and optical waves, have been predicted in
soft OLs [17], being promising for the matter-wave inter-
ferometry due to their high density [18]. These results
demonstrate the potential of the soft OLs in studies of
systems combining quantum matter and photons, akin
to exciton-polaritons in microcavities [20]. Furthermore,
BECs built of up to 108 atoms are now available [21]. For
such massive BECs, the refraction-index change through
the perturbation of the atomic density may be significant,
even for the laser-frequency detuning from the resonance
≫ 1 GHz, allowing the LFE to generate hybrid matter-
wave-photonic states [17].
The use of spinor gases opens ways for the emulation of
the spin-orbit coupling [8] and quantum magnetism [22],
as well as for the realization of quantum matter-wave [23]
and microwave (MW) [24] optics. In this context, the
MW magnetic field is used for manipulating spin states.
Coupling different hyperfine atomic states by MWs was
studied in other contexts too, including dressed states
[25], domain walls [26], and instabilities [27].
However, manifestations of the magnetic LFE (MLFE)
in quantum gases were not studied yet, unlike its electric
counterpart. In this work, we develop the theory of the
MLFE for a MW field coupled to the pseudospinor BEC.
The MW wavelength (& several mm) exceeds the typ-
ical size of the BEC by orders of magnitude. In this
situation, the BEC was considered before as a thin slice
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that affects the phase of the MW field. We find that the
MLFE causes subwavelength deformations of the MW
amplitude profile too, inducing a long-range interaction
between components of the pseudospinor BEC. Unlike
the electric LFE [17], where nonlocal interaction is in-
duced by phase perturbations, the long-range interaction
generated by the MLFE is locally repulsive but glob-
ally attractive. The same effect leads to local attrac-
tion between the components of the BEC, which may
compete with collisional repulsion between them. We
demonstrate that these interactions create self-trapped
ground states (GSs) in the form of hybrid matter-wave-
microwave solitons, whose field component seems like
that of a magnetic monopole. Actually, the solitons
realize a dissipation- and pump-free counterpart of hy-
bridized exciton-polariton complexes in dissipative mi-
crocavities, pumped by external laser fields. Opposite to
our case, the size of those complexes is much larger than
the polaritonic wavelength, while the effective mass of
the excitons is usually considered infinite [20]. Note that
direct dissipation-free emulation of the exciton-polariton
setting is possible too in a dual-core optical system [28]
We consider the magnetic coupling of the MW radi-
ation with frequency ωL to two hyperfine atomic states
|↓〉 and |↑〉 which compose the BEC pseudospinor [8, 19],
with free Hamiltonian H0 = pˆ
2/(2m)− (~δ/2)σ3, where
~δ is the energy difference between the two states, σ3
is the Pauli matrix, and pˆ the atomic momentum. The
magnetic interaction is governed by term
Hint = −
(
m↓↓ m↓↑
m↑↓ m↑↑
)
· (Be−iωLt +B∗eiωLt) . (1)
Here, m↓,↑ are matrix elements of the magnetic
momentum, and the magnetic induction is B =
µ0H + M with M = m↓↑ψ
∗
↓ψ↑, with ψ↓ and
ψ↑ building the pseudospinor wave function, |Ψ〉 =(
ψ↓ exp (iωLt/2) , ψ↑ exp (−iωLt/2)
)T
. In the rotating-
wave approximation, |ψ〉 = (ψ↓, ψ↑)T satisfies the system
of coupled Gross-Pitaevskii equations (GPEs):
i~
∂ |ψ〉
∂t
=
[
− ~
2
2m
∇2 + ~∆
2
σ3 − µ0
(
0 m↓↑ ·H∗
m↑↓ ·H 0
)
−m↑↓ ·m↓↑
(∣∣ψ↑∣∣2 0
0
∣∣ψ↓∣∣2
)]
|ψ〉 , (2)
with the MW detuning from the atomic transition ∆ =
ωL − δ. Neglecting the time derivatives of H and M for
the low-frequency MW, the wave equation for H reduces
to the Helmholtz form, ∇2H+ ω2L/c2H = −ε0ω2LM.
We consider a cigar-shaped condensate with effective
cross-section area S, subject, as usual, to tight transverse
confinement, and is irradiated by two linearly-polarized
counterpropagating microwaves along the cigar’s axis x.
Eliminating the transverse variation of the fields under
these conditions [29], we reduce the coupled GPEs and
Helmholtz equation to the normalized form,
i
∂ |φ〉
∂τ
=
[
−1
2
∂2
∂x2
+ ησ3 −
(
β
∣∣φ↑∣∣2 H∗
H β
∣∣φ↓∣∣2
)]
|φ〉 ,
(3)
∂2xH+ κ2H = −γφ∗↓φ↑, (4)
with φ↓,↑ ≡
√
X0ψ↓,↑, τ ≡ t/t0, x ≡ X/X0,
H ≡H/hc and β ≡ m↓↑ · m↑↓t0/(~SX0), η ≡ t0∆/2,
γ ≡ Nε0ω2Lm↓↑X0/(hcS), κ ≡ X0ωL/c measured
in natural units of time and coordinate, t0 =
~/(µ0m↓↑hc), X0 =
√
~t0/m, where hc is a magnetic-
field strength and N the total atom number. The rescaled
wave function is subject to normalization N↓ + N↑ ≡∫ +∞
−∞
[|φ↑(x)|2 + |φ↓(x)|2] dx = 1. If collisions between
atoms in different spin states are taken into account,
which may be controlled by the Feshbach resonance [30],
β in Eq. (3) combines contributions from the MLFE
and direct interactions. On proper rescaling, the same
system of Eqs. (3),(4) applies to a degenerate gas of
fermions [31, 32] with spin 1/2, in which ψ↓ and ψ↑ rep-
resent two spin components, coupled by magnetic field
H, and asymmetry η is imposed by dc magnetic field.
Equation (4) can be solved using the respective Green’s
function [33], H (x, t) = A exp(iκx) + C exp(−iκx) −
(γ/2κ)
∫ +∞
−∞ sin (κ |x− x′|)φ∗↓ (x′, t)φ↑ (x′, t) dx′, where
constants A and C represent the solution of the corre-
sponding homogeneous equation, i.e., they are ampli-
tudes of two incident counterpropagating microwaves.
Since the MW wavelength is far larger than the con-
densate size (κ ∼ 10−5), one may set exp(iκx) ≈
1 and sin (κ |x− x′|) /κ ≈ |x− x′| in the domain oc-
cupied by the condensate, to simplify the solution:
H (x, t) = H0 − (γ/2)
∫ +∞
−∞
∣∣∣x− x′ ∣∣∣φ∗↓ (x′, t)φ↑ (x′, t) dx′,
where H0 ≡ A+C is made real by means of a phase shift.
The form of the magnetic field at |x| → ∞ resembles that
of a one-dimensional artificial magnetic monopole [34]:
Hasympt (x) = −γNm|x|, Nm ≡
∫ +∞
−∞ φ
∗
↓ (x)φ↑ (x) dx.
Substituting the solution for H in Eq. (3), we arrive
at the final form of the GPEs:
i
∂φ↓
∂τ
= −1
2
∂2φ↓
∂x2
−H0φ↑ + ηφ↓ − β
∣∣φ↑∣∣2 φ↓
+
γ
2
φ↑(x)
∫ +∞
−∞
∣∣∣x− x′ ∣∣∣φ↓ (x′, t)φ∗↑ (x′, t) dx′, (5)
i
∂φ↑
∂τ
= −1
2
∂2φ↑
∂x2
−H0φ↓ − ηφ↑ − β
∣∣φ↓∣∣2 φ↑
+
γ
2
φ↓(x)
∫ +∞
−∞
|x− x′|φ∗↓ (x′, t)φ↑ (x′, t) dx′. (6)
Thus, the MLFE gives rise to two nonlinear terms: the
one ∼ β accounts for short-range interaction, while the
integral term represents the long-range interaction, which
is locally repulsive, but globally attractive because the re-
pulsion kernel, |x− x′|, growing at |x| → ∞, suggests
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a possibility of self-trapping. The mechanism of creat-
ing bright solitons by the spatially growing strength of
local self-repulsion was proposed in Ref. [35], and then
extended for nonlocal dipolar-BEC [36] settings; how-
ever, that mechanism was imposed by appropriately engi-
neered spatial modulation of the nonlinearity, while here
we consider the self-trapping in free space.
The symmetric version of Eqs. (5) and (6), with
η = 0, may be combined into separate equations for
φ± ≡ φ↓ ± φ↑, with trapping (for +) and expulsive (for
−) potentials, respectively. Therefore, this system has
only symmetric solutions (φ− = 0). At |x| → ∞, Eqs.
(5) and (6) take the linear asymptotic form, i∂τφ↓↑ =
−(1/2)∂2xxφ↓↑ +
(
γNm/2
) |x|φ↑↓, hence solutions for the
asymmetric system (η 6= 0) have symmetric asymptotic
tails too, φ↓ = φ↑ ∼ exp
(−(2/3)√γNm|x|3/2).
The GS of system (5), (6) with η = 0 and chemical
potential µ is sought for as φ↓↑ = e
−iµtϕ(x), where real
ϕ satisfies equation
µ˜ϕ =
[
−1
2
d2
dx2
− βϕ2 + γ
2
∫ +∞
−∞
|x− x′|ϕ2 (x′) dx′
]
ϕ,
(7)
with µ ≡ µ˜ − H0. Thus, H0 only shifts the chem-
ical potential in the zero-detuning system. For β =
0, it follows from Eq. (7) that µ˜ and the magnetic
field obey scaling relations: {µ˜(γ),H (x; γ)−H0} =
(γ/γ0)
2/3 {µ˜ (γ = γ0) ,H (x; γ = γ0)−H0}, where γ0 is
a fixed constant. Thus, for η = 0 and β = 0, all the GSs
may be represented by a single one, plotted in Fig. 1(a),
which was found by means of the imaginary-time method
. This is a hybrid soliton, built of the self-trapped mat-
ter wave coupled to the subwavelength deformation of
the magnetic field.
In the presence of the local self-repulsion (β < 0), the
GS can be found with the help of the Thomas-Fermi ap-
proximation (TFA), which neglects the second derivative
in Eq. (7):
ϕ2TFA(x) =
{
(1/4)
√
γ/|β| cos ξ, at |ξ| < π/2,
0, at |ξ| > π/2, (8)
HTFA (x) +µ =
{
(1/4)
√
γ|β| cos ξ, at |ξ| < π/2,
−
√
γ|β| (|ξ| − π/2) /4, at |ξ| > π/2,
(9)
where ξ ≡
√
γ/|β|x. An example, displayed in Fig. 1(b),
shows very good agreement of the TFA with the numeri-
cal solution. Thus, the globally attractive long-range in-
teraction induced by the MLFE creates the self-trapped
GS, overcoming the arbitrarily strong self-repulsive con-
tact interaction.
The time-of-flight spectrum produced by releasing the
condensate can be used in the experiment to detect
the solitons predicted here, characterized by their dis-
tribution over the longitudinal momentum, φ (kx) ≡∫ +∞
−∞ e
−ikxxϕ(x)dx, as shown in Fig. 1 for β = 0 and
0
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FIG. 1: (Color online) (a) The GS wave function, ϕ(x), along
with its Fourier transform, φ (kx), and magnetic field, H (x),
for β = 0, with µ˜ = 4.26. (b) Comparison of the GS, as
predicted by the TFA [Eqs. (8), (9) and (10)] (dashed curves)
and found numerically (solid lines) for β = −5 with µ = 0.079.
In both plots, η = 0, H0 = 0, and γ = 10
−3.
−5. In particular, the TFA yields
φTFA (kx) =
π (|β|/γ)1/4
8Γ
(
5/4 +
√
|β|/4γkx
)
Γ
(
5/4−
√
|β|/4γkx
) ,
(10)
where Γ is the Gamma-function, see the right bottom
panel in Fig. 1. Note that expression (10) vanishes at
kx = ±2
√
γ/|β| (5/4 + n) , n = 0, 1, 2, ... . The strong
compression of the soliton in the momentum space, evi-
dent in Fig. 1(b), may be used for the design of matter-
wave lasers [37], as the released beam will feature high
velocity coherence.
The existence of bright solitons in free space is related
to the modulational instability (MI) of flat states [39].
The flat solution to Eq. (7) is φ = Φ0 exp (−iµ0t) ,
with divergence of µ0 regularized by temporarily re-
placing |x− x′| in Eq. (7) by |x− x′| exp (−ǫ |x− x′|)
with small ǫ > 0. The MI analysis for small pertur-
bations with wavenumber k and MI gain λ proceeds,
as usual, by substituting φ = Φ(x, t) exp (iχ (x, t)),
with {Φ;χ} = {Φ0;−µ0t} +
{
Φ
(0)
1 ;χ
(0)
1
}
exp (ikx+ λt),
where
{
Φ
(0)
1 ;χ
(0)
1
}
are perturbation amplitudes. The
subsequent linearization and then setting ǫ = 0 yields
λ2 = − (k4/4− βΦ20k2 − γΦ20) . Due to the nonlocality,
λ2 does not vanish at k2 → 0, in contrast with local mod-
els [39]. The MI is always present, as λ2 remains positive
at k2 < 2 |Φ0|
(√
β2Φ20 + γ + β |Φ0|
)
. Thus, arbitrarily
strong local self-repulsion, with β < 0, does not suppress
the MI.
In the system with detuning, i.e., η 6= 0 in Eqs. (5)
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FIG. 2: (Color online) Numerically found profiles of the GS
wave functions and magnetic field in the system with η = 1,
β = 0, and γ = 10−3, for H0 = 0.5 (a), 1.5 (b), 6.0 (c). The
respective chemical potentials are µ = −1.12 (a), −1.80 (b),
−6.079 (c). For the strongly asymmetric soliton in (a), the
analytical approximation predicts the amplitude ratio of the
two components 0.250, while its numerically found counter-
part is 0.235.
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FIG. 3: (Color online) The relative share of the total norm of
each component in the system with γ = 10−3, β = 0, η = 1,
vs. the background magnetic field, H0. The inset shows the
dependence for N↓ at small values of H0 (stars) vis-a-vis the
analytical prediction.
and (6), the background magnetic field H0 is an essential
parameter. Figure 2 plots the GS wave functions, ϕ↓↑ (x),
and the corresponding magnetic field, H (x), for different
values of H0. The GS exhibits asymmetry between the
lower- and higher-energy components at H0 . η, while
large H0 suppresses the asymmetry, as seen in Fig. 3,
which displays the scaled norms of the two components,
N↓↑, versus H0.
For η ≫ H0, strongly asymmetric GSs can be found
using the stationary version of Eqs. (5) and (6) with
chemical potential µ = −η + ∆µ, |∆µ| ≪ η. Then, Eq.
(5) eliminates the weak component in favor of the strong
one: ϕ↓ ≈ (2η)−1H0ϕ↑, and N↓ ≈ H20/
(
4η2
)
, which
agrees well with numerical results, as shown by the inset
in Fig. 3. The substitution of this into Eq. (6) yields(
∆µ+
H20
2η
)
ϕ↑ = −
1
2
d2φ↑
dx2
− βH
2
0
4η2
ϕ3↑
+
γH20
8η2
ϕ↑(x)
∫ +∞
−∞
|x− x′|ϕ2↑(x′)dx′, (11)
which is actually tantamount to Eq. (7). The respective
small deformation of the magnetic field is H (x) = H0 −
(γH0/4η)
∫ +∞
−∞ φ
2
↑ (x
′) |x− x′| dx′.
We have confirmed the stability of all the GS states
by direct simulations of Eqs. (5) and (6) with randomly
perturbed initial conditions. For the symmetric system
with η = β = 0, the above-mentioned scaling implies that
the stability of a single GS guarantees the stability of all
GSs, while for the detuned system the stability had to
be checked by varying H0 at fixed γ and η. Further, the
stability for η = β = 0 is predicted by the anti-Vakhitov-
Kolokolov (anti-VK) criterion, which states that the nec-
essary stability condition for bright solitons supported by
the repulsive nonlinearity is dµ/dN > 0 [40] (the VK cri-
terion proper, which pertains to attractive nonlinearity,
is dµ/dN < 0 [39, 41]). Although N = 1 was fixed above,
the criterion can be applied by means of rescaling which
fixes γ and liberates N . As a result, the scaling relation
µ˜ ∼ γ2/3 is replaced by µ˜ ∼ N2/3, hence the criterion
holds.
Summarizing, we have explored the MLFE (magnetic
local-field effect) in the BEC built of two atomic states
coupled by the MW (microwave) field. We have deduced
the system of evolution equations for the matter-wave
components and MW magnetic field, which demonstrate
that the subwavelength distortion of the magnetic field
by perturbations of the local atom density induces short-
and long-range interactions between the BEC compo-
nents. The same equations apply to the spinor wave func-
tion of a fermionic gas coupled to the MWmagnetic field.
The model produces the self-trapped GS (ground state)
in the form of the hybridized BEC-MW subwavelength
solitons, which may be considered as counterparts of hy-
brid exciton-polariton solitons in the dissipation-free sys-
tem. Basic characteristics of the solitons were obtained
analytically. The release of the solitons from the cigar-
shaped trap may be used as a source of coherent matter
waves for an atom laser. The flat states in the present
system are subject to the modulational instability, which
is naturally related to the existence of the bright solitons.
It is straightforward to extend the analysis for molec-
ular BECs, with the transition between two rotational
states driven by the electric MW field. Such ultracold
molecular gases have a potential for quantum simula-
tions of condensed-matter physics [42]. An interesting
extension may be the analysis of the system with a three-
component bosonic wave function corresponding to spin
F = 1 [43], in which a single MW field couples compo-
nents with mF = ±1 to the one with mF = 0. Other
relevant directions for the extension are search for ex-
cited states in the system, in addition to the GS, and the
4
analysis of the two-dimensional setting. Furthermore, it
is relevant to investigate a potential effect of the MLFE
on quantum precision measurements.
G.D. acknowledges the support of the National Ba-
sic Research Program of China (”973” Program, No.
2011CB921602), the National Natural Science Founda-
tion of China (No. 11034002), and the Research Fund
for the Doctoral Program of Higher Education of China
(No. 20120076110010). The work of B.A.M. was sup-
ported, in a part, by grant No. B12024 from the Pro-
gram of Introducing Talents of Discipline to Universities
(China).
[1]
[2] M. A. Cazalilla, R. Citro, T. Giamarchi, E. Orignac, and
M. Rigol, Rev. Mod. Phys. 83, 1405 (2011); H. Ritsch, P.
Domokos, F. Brennecke, and T. Esslinger, ibid. 85, 553
(2013).
[3] K. E. Strecker, G. B. Partridge, A. G.. Truscott, and R.
G. Hulet, Nature 417, 150 (2002); C. Gross, T. Zibold,
E. Nicklas, J. Este`ve, and M. K. Oberthaler, ibid. 464,
1165 (2010); B. Lu¨cke et al., Science 334, 773 (2011); T.
Berrada et al., Nature Comm. 4, 2077 (2013).
[4] N. Veretenov, Yu. Rozhdestvenskya, N. Rosanov, V.
Smirnov, and S. Fedorov, Eur. Phys. J. D 42, 455 (2007);
T. P. Billam, S. L. Cornish, and S. A. Gardiner, Phys.
Rev. A 83, 041602(R) (2011); J. Grond, U. Hohen-
ester, J. Schmiedmayer, and A. Smerzi, Phys. Rev. A 84,
023619 (2011); U. London and O. Gat, ibid. 84, 063613
(2011); F. Kh. Abdullaev and V. A. Brazhnyi, J. Phys. B:
At. Mol. Opt. Phys. 45, 085301 (2012); L. P. Parazzoli,
A. M. Hankin and G. W. Biedermann, Phys. Rev. Lett.
109, 230401 (2012); A. D. Martin and J. Ruostekoski,
New J. Phys. 14, 043040 (2012); J. Polo and V. Ahufin-
ger, ibid. 88, 053628 (2013); J. Cuevas, P. G. Kevrekidis,
B. A. Malomed, P. Dyke, and R. G. Hulet, New J. Phys.
15, 063006 (2013); G. D. McDonald, C. C. N. Kuhn, K.
S. Hardman, S. Bennetts, P. J. Everitt, Phys. Rev. Lett.
113, 013002 (2014).
[5] A. D. Cronin, J. Schmiedmayer, and D. E. Pritchard,
Rev. Mod. Phys. 81, 105 (2009); T. P. Billam, A.
L. Marchant, S. L. Cornish, S. A. Gardiner, and N.
G. Parker, in: Spontaneous Symmetry Breaking, Self-
Trapping, and Josephson Oscillations, ed. B. A. Malomed
(Berlin: Springer, 2013).
[6] M. Lewenstein, A. Sanpera, V. Ahufinger, B. Damski,
A. Sen (De), and U. Sen, Adv. Phys. 56, 243 (2007); P.
Hauke, F. M. Cucchietti, L. Tagliacozzo, I. Deutsch, and
M. Lewenstein, Rep. Prog. Phys. 75, 082401 (2012).
[7] I. Bloch, J. Dalibard, and W. Zwerger, Rev. Mod. Phys.
80, 885 (2008); A. L. Fetter, ibid. 81, 647 (2009); I. M.
Georgescu, S. Ashhab, and F. Nori, ibid. 86, 153 (2014).
[8] J. Dalibard, F. Gerbier, G. Juzeliu¯nas, and P. O¨berg,
Rev. Mod. Phys. 83, 1523 (2011); H. Zhai, Int. J. Mod.
Phys. B 26, 1230001 (2012); I. B. Spielman, Ann. Rev.
Cold At. Mol. 1, 145 (2012); N. Goldman, G. Juzeliu¯nas,
P. O¨berg and I. B. Spielman, Rep. Progr. Phys. 77,
126401 (2014).
[9] I. B. Mekhov, C. Maschler, and H. Ritsch, Nature Phys.
3, 319 (2007); I. B. Mekhov and H. Ritsch, Phys. Rev. A
80, 013604 (2009).
[10] K. Hammerer, A. S. Sorensen, and E. S. Polzik, Rev.
Mod. Phys. 82, 1041 (2010); H. Ritsch, P. Domokos, F.
Brennecke, and T. Esslinger, ibid. 85, 553 (2013).
[11] J. G. Bohnet et al., Nature 484, 78 (2012)
[12] A. Schilke, C. Zimmermann, P. W. Courteille, W.
Guerin, Nature Photonics 6, 101 (2012).
[13] G. Labeyrie et al., Nature Photon. 8, 321 (2014).
[14] T. Mendonca and R. Kaiser, Phys. Rev. Lett. 108,
033001 (2012).
[15] K. Li, L. Deng, E. W. Hagley, M. G. Payne, and M. S.
Zhan, Phys. Rev. Lett. 101, 250401 (2008).
[16] J. Zhu, G. Dong, M. Shneider, and W. Zhang, Phys. Rev.
Lett. 106, 210403 (2011).
[17] G. Dong, J. Zhu, W. Zhang, and B. A. Malomed, Phys.
Rev. Lett. 110, 250401 (2013).
[18] G. D. McDonald et al., Phys. Rev. Lett. 113, 013002
(2014).
[19] Y.-J. Lin, K. Jime´nez-Garc´ıa, and I. B. Spielman, Nature
471, 83 (2011); D. L. Campbell, G. Juzeliu¯nas, and I. B.
Spielman, Phys. Rev. A 84, 025602 (2011).
[20] A. Kavokin, J. J. Baumberg, G. Malpuech, and F. P.
Laussy, Microcavities (Oxford University Press, Oxford,
2007); I. Carusotto and C. Ciuti, Rev. Mod. Phys. 85,
299 (2013).
[21] D. Comparat et al., APhys. Rev. A 73, 043410 (2006);
H. Imai, T. Akatsuka, T. Ode, and A. Morinaga, ibid.
85, 013633 (2012).
[22] M. Lewenstein and A. Sanpera, Science 319, 292 (2008);
X.-W. Guan, M. T. Batchelor, and C. Lee, Rev. Mod.
Phys. 85, 1633 (2013); D. M. Stamper-Kurn and M.
Ueda, Rev. Mod. Phys. 85, 1191 (2013).
[23] C. Klempt et al., Phys. Rev. Lett. 104, 195303 (2010); C.
D. Hamley, C. S. Gerving, T. M. Hoang, E. M. Bookjans,
and M. S. Chapman, Nature Phys. 8, 305 (2012).
[24] K. P. Marzlin and J. Audretsch, Phys. Rev. A 57, 1333
(1998). Y. V. Slyusarenko and A. G. Sotnikov, J. Low
Temp. Phys. 150, 618 (2008).
[25] S. D. Jenkins and T. A. B. Kennedy, Phys. Rev. A 68,
053607 (2003).
[26] D. T. Son and M. A. Stephanov, Phys. Rev. A 65, 063621
(2002); B. Deconinck, P. G. Kevrekidis, H. E. Nistazakis,
and D. J. Frantzeskakis, ibid. 70, 063605 (2004); M. I.
Merhasin, B. A. Malomed, and R. Driben, J. Phys. B
38, 877 (2005).
[27] N. R. Bernier, E. G. Dalla Torre, and E. Demler, Phys.
Rev. Lett. 113, 065303 (2014).
[28] L. Salasnich, B. A. Malomed, and F. Toigo, Phys. Rev.
E 90, 043202 (2014).
[29] L. Salasnich, A. Parola, and L. Reatto, Phys. Rev. A 65,
043614 (2002); A. Mun˜oz Mateo and V. Delgado, ibid.
77, 013617 (2008).
[30] C. Chin, R. Grimm, P. Julienne, and E. Tiesinga, Rev.
Mod. Phys. 82, 1225 (2010).
[31] L. Radzihovsky and D. E. Sheehy, Rep. Progr. Phys. 73,
096501 (2010).
[32] X.-W. Guan, M. T. Batchelor, and C. Lee, Rev. Mod.
Phys. 85, 1633 (2013).
[33] W. Kro´likowski, O. Bang, N. I. Nikolov, D. Neshev, J.
5
Wyller, J. J. Rasmussen, and D. Edmundson, J. Opt. B:
Quantum Semiclass. Opt. 6, S288 (2004).
[34] M. W. Ray, E. Ruokokoski, S. Kandel, M. Mo¨tto¨nen, and
D. S. Hall, Nature 505, 657 (2014).
[35] O. V. Borovkova, Y. V. Kartashov, L. Torner, and B.
A. Malomed, Phys. Rev. E 84, 035602 (R) (2011); R.
Driben, Y. V. Kartashov, B. A. Malomed, T. Meier, and
L. Torner, Phys. Rev. Lett. 112, 020404 (2014); Y. V.
Kartashov, B. A. Malomed, Y. Shnir, and L. Torner, ibid.
113, 264101 (2014).
[36] Y. Li, J. Liu, W. Pang, and B. A. Malomed, Phys. Rev.
A 88, 053630 (2013).
[37] E. W. Hagley et al., Science 283, 1706 (1999); M. Rodas-
Verde, H. Michinel, and V. M. Perez-Garcia, Phys. Rev.
Lett. 95, 153903 (2005); N. P. Robins, C. Figl, M. Jeppe-
sen, G. R. Dennis, and J. D. Close, Nature Phys. 4, 731
(2008); F. Vermersch et al., Phys. Rev. A 84, 043618
(2011).
[38] Y. Zhai, P. Zhang, X. Chen, G. Dong, and X. Zhou, Phys.
Rev. A 88, 053629 (2013)
[39] L. Berge´, Phys. Rep. 303, 259 (1998).
[40] H. Sakaguchi and B. A. Malomed, Phys. Rev. A 81,
013624 (2010).
[41] N. G. Vakhitov and A. A. Kolokolov, Izv. Vuz. Radiofiz.
16, 1020 (1973) [Soviet Radiophys. and Quantum Elec-
tronics 16, 783 (1975)].
[42] A. Micheli, G. K. Brennen, and P. Zoller, Nature Physics
2, 341 (2006),
[43] C. K. Law, H. Pu, and N. P. Bigelow, Phys. Rev. Lett.
81, 5257 (1998); H. Pu and P. Meystre, Phys, Rev, Lett.
85, 3987 (2000); A. L. Fetter and A. A. Svidzinsky, J.
Phys. Cond. Matt. 13, R135 (2001); N. N. Klausen, J. L.
Bohn, and C. H. Greene, Phys. Rev. A 64, 053602 (2001);
J. Ieda, T. Miyakawa, and M. Wadati, Phys. Rev. Lett.
93, 194102 (2004); K. Kasamatsu, M. Tsubota, and M.
Ueda, Int. J. Mod. Phys. B 19, 1835 (2005). (2005).
6
